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a b s t r a c t
This paper obtains the 1-soliton solution of the K(m, n) equation with generalized evolu-
tion in the presence of linear damping. The dispersion and linear damping terms have time-
dependent coefficients. An exact 1-soliton solution is obtained for this equation together
with the constraint between these time-dependent coefficients for the solitons to exist.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The study of nonlinear evolution equations has come a long way. In the past few decades there has been ongoing
research in various kinds of nonlinear evolution equations. These kinds of equations appear in various areas of Physics and
Engineering [1–10]. There has been growing attention paid to the generalized form of the Korteweg–de Vries (KdV) equation
that is also known as the K(m, n) equation. This equation was first studied by Rosenau in 1998 [5]. Later, this equation was
studied by various scientists from across the globe, especially in the context of compactons, which are solitonswith compact
support. In this paper, the K(m, n) equation, with generalized evolution, is going to be studied. Also, in addition, the linear
damping and the generalized dispersion term will have time-dependent coefficients attached to them.
The integrability aspect of nonlinear evolution equations has a long-standing history. The classical method of integra-
bility, namely the Inverse Scattering Transform (IST), which is the nonlinear analog of the Fourier Transform, is no longer
so often used to integrate these kinds of equations. This is because the Painleve test of integrability will fail in most of
these cases. So, necessity has led to the invention of various modern methods of integrability which include the Wadati
trace method, pseudo-spectral method, tanh–sech method, sine–cosine method, Riccati equation expansion method, ex-
ponential function method, and many more [7,8]. These modern tools of integration are really useful in carrying out the
integration of nonlinear evolution equations. While there are drawbacks of these modern methods of integrability, these
techniques are nevertheless a useful asset in this area of study. However, an expression for soliton radiation or the integrals
of motion cannot be computed by these modern methods of integrability.
Themethod of the solitary wave ansatz will be used to carry out the integration of the K(m, n) equationwith generalized
evolution in the presence of time-dependent damping and dispersion. This method is far simpler compared to IST method.
In this ansatz method, a solitary wave solution is assumed and then substituted in the equation of study. Then a system of
equations of the soliton parameters is solved to obtain the explicit solution of the equation of study. The parameter domain
restrictions naturally fall out during the analysis. This method is sometimes known as the trial solution method that is
commonly used to solve ordinary differential equations. It needs to be noted that the ansatz method is also much simpler
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compared to another classical method of integration, namely Lie symmetry analysis: in the Lie method, one has to first
obtain the symmetries of the equation of study and then reduce the order of the equation of study, before carrying out the
final integration. This is an extremely long process and it also involves painfully long calculations. Thus, the solitary wave
ansatz method avoids all of these and the process of integration is immeasurably simpler, as will be seen in the following
section.
2. Mathematical analysis
The K(m, n) equation with generalized evolution along with time-dependent damping and time-dependent dispersion
is given by(
ql
)
t + a(t)q+ cqmqx + b(t)
(
qn
)
xxx = 0. (1)
Here a(t) and b(t) are real-valued functionswhile l,m and n are positive integers. It is to be noted that, for l = 1with a(t) = 0
and b(t) = 1, Eq. (1) reduces to the well-known K(m, n) equation or rather a version of it [5,7,8]. In this paper, an exact
solution will be obtained to Eq. (1), as it appears, by the solitary wave ansatz. In the course of finding the exact solution to
(1), a constraint relation between the time-dependent coefficients a(t) and b(t)will be determined for the solitons to exist.
Without any loss of generality, it is assumed that the solitary wave solution to (1) is given by
q(x, t) = A
coshp [B (x− vt)] , (2)
where A represents the amplitude of the soliton, while B is the inverse width of the soliton and v represents the velocity
of the soliton. Also, the positive integer p, which is unknown at this point, will be determined as a function of l, m and n. It
needs to be noted that since damping and dispersion have time-dependent coefficients, one needs to have, in general,
A = A(t) (3)
B = B(t) (4)
and
v = v(t). (5)
Thus from (2), introducing the notation τ = B(x− vt), one gets(
ql
)
t = lAl−1
dA
dt
1
coshlp τ
+ lpAlB
(
v + t dv
dt
)
tanh τ
coshlp τ
− lpA
l
B
dB
dt
τ tanh τ
coshlp τ
(6)
qmqx = −pAm+1B tanh τ
coshp(m+1) τ
(7)
and (
qn
)
xxx = AnB3np(np+ 1)(np+ 2)
tanh τ
coshnp+2 τ
− AnB3n3p3 tanh τ
coshnp pτ
. (8)
Thus, substituting (6)–(8) into (1) yields
lAl−1
dA
dt
1
coshlp τ
− lpAl tanh τ
coshlp τ
(
τ
B
dB
dτ
− vB− tBdv
dt
)
+ a(t)A 1
coshp τ
− cpAm+1B tanh τ
coshp(m+1) τ
− b(t)n3p3AnB3 tanh τ
coshnp pτ
+ b(t)npAnB3(np+ 1)(np+ 2) tanh τ
coshnp+2 τ
= 0. (9)
Now, from the first and the third terms, it is possible to say that
l = 1, (10)
and thus equating their coefficients yields
dA
dt
+ a(t)A = 0, (11)
which leads to
A(t) = A0e−
∫
a(t)dt . (12)
Here A0 is the initial amplitude of the soliton. Again, from the second and fifth terms,
lp = np. (13)
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Thus, these lead to
l = n = 1. (14)
From the fourth and sixth terms in (9), equating the exponents of the cosh functions gives
(m+ 1)p = p+ 2, (15)
which leads to
p = 2
m
. (16)
Now, equating the coefficients of the fourth and sixth terms leads to
b(t)npAnB3(np+ 1)(np+ 2) = cpAm+1B, (17)
which gives
B(t) =
[
m2cAm
2(m+ 1)(m+ 2)b(t)
] 1
2
. (18)
From the second term in (9), setting the coefficient of τ tanh τ/ coshlp τ to zero yields
dB
dt
= 0, (19)
so
B(t) = constant. (20)
Finally, from the second and fifth terms, one can get
lpAl
(
vB+ tBdv
dt
)
= n3p3AnB3b(t), (21)
which gives
v(t) = 4B
2
m2t
∫
b(t)dt, (22)
which further reduces to
v(t) = 2cA
m
(m+ 1)(m+ 2)b(t)
∫
b(t)dt. (23)
Also, to conform to the fact that B(t) is a constant as given by (19), the constraint between the time-dependent coefficients
a(t) and b(t), from (12) and (18), is given by
e−m
∫
a(t)dt = kb(t) (24)
for any non-zero real valued constant k. Also, from (24), it is observed that it is necessary to have the restriction
m > 0 (25)
for the solitons to exist.
Thus, the problem under consideration, namely (1), drastically reduces to
qt + a(t)q+ cqmqx + b(t)qxxx = 0, (26)
whose solution is therefore given by
q(x, t) = A
cosh
2
m [B (x− vt)]
, (27)
where the amplitude A(t) is given by (12), the width B(t) is given by (18), and the velocity of the soliton is given by (23).
Finally, the constraint relation between the time-dependent coefficients is given by (27). It is possible to observe that for
time-dependent coefficients the K(m, n) equation is integrable provided these coefficients are simply Riemann integrable
and are constrained by (24).
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2.1. Example
In this section, an examplewill be considered to illustrate the above technique. TheK(m, n) equationwith linear damping
and dispersion term with time-dependent coefficient is given by
qt + qmqx + aq+ be−matqxxx = 0, (28)
where a and b are real-valued constants here andm is a positive integer. This problem appears in the study of coastal waves
in oceans, liquid drops in bubbles, and also in the atmospheric blocking phenomena, in particular dipole blocking [4,6,9]. In
particular, this problem was studied before using the Lie Transform approach [4,6]. Starting with the same ansatz as in (2),
Eq. (9) modifies to(
dA
dt
+ aA
)
1
coshp τ
− pA
B
dB
dt
τ tanh τ
coshp τ
− pAm+1B tanh τ
coshp(m+1) τ
+ pAB
(
v + t dv
dt
− bp2B2e−mat
)
tanh τ
coshp τ
+ p(p+ 1)(p+ 2)b(t)AB3e−mat tanh τ
coshp+2 τ
= 0, (29)
which leads to the solitary wave solution
q(x, t) = A
cosh
2
m [B (x− vt)]
, (30)
where
A(t) = A0e−at (31)
B = m
[
Am0
2k(m+ 1)(m+ 2)
] 1
2
(32)
and
v(t) = − 2bA
m
0 e
−mat
ktam(m+ 1)(m+ 2) . (33)
Thus, from (31) one can conclude that
lim
t→∞ A(t) =
{
0, : a > 0
∞, : a < 0, (34)
while from (33), one can conclude that
lim
t→∞ v(t) =
{
0, : a > 0
∞, : a < 0, (35)
which shows that the amplitude and velocity of the soliton gradually die down.
3. Conclusions
In this paper, the solitary wave ansatz is used to integrate the K(m, n) equation having time-dependent damping and
dispersion coefficients. The solitary wave ansatz is used to obtain the solution. The conditions for the solitons to exist are
laid down. Thus, this closed-form 1-soliton solution for such an equation will be useful in future investigation. In future, one
can study an extended version of this equation, namely Gardner’s equation or the compound KdV equation with these types
of generalized evolution and having such damping terms.
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